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Abstract
We discuss some phenomenological consequences in a scenario where a singlet Majoron plays the role of dark radiation. We study
the interrelations between neutrino mass generation and the scalar potential arising from this identification. We find the extra scalar
has to be light with a mass at or below the GeV level. The mixing of this scalar with the Standard Model Higgs impacts low energy
phenomena such as the muonic hydrogen Lamb shift and muon anomalous magnetic moment. Demanding that the light scalar
solves the puzzle in the muon magnetic moment requires the scalar to be lighter still with mass at or below the 10 MeV level. The
cross-sections for the production of heavy neutrinos at LHC14 are also given.
1. Introduction
It is well known that correlations of temperature fluctuations
in the Cosmic Microwave Background (CMB) depends on the
number of effective relativistic degrees of freedom, Neff, which
is usually given in terms of the effective number of neutri-
nos species present in the era before recombination. The ex-
pected value of Neff = 3 is consistent with observations thus
far. However, recent measurements of CMB from the Planck
satellite [1] combined with that of the Hubble constant from the
Hubble Space Telescope (HST) [2] resulted in a higher value of
Neff = 3.83 ± 0.54 at 95%CL. If one further includes data from
WMAP9 [3], Atacama Cosmology Telescope (ACT) [4] and
South Pole Telescope (SPT) [5] into the analysis, the extracted
value becomes Neff = 3.62+0.50−0.48 at 95%CL. This hints at a dark
radiation (DR) component beyond the expected three neutrino
species at a confidence level of 2.4σ. The origin and nature of
such DR component is not known. One possibility, as pointed
out recently by Weinberg [6], is that it can be naturally associ-
ated with a massless or nearly massless Goldstone boson arising
the spontaneous breaking of a U(1) global symmetry. A Gold-
stone boson will count as 4/7 of a neutrino, and this appears to
agree with observation. However, in order for the temperature
of the Goldstone bosons to match with that of the neutrinos,
they must remain in thermal equilibrium with ordinary matter
until muon annihilation. If Goldstone bosons decouple much
earlier, they will contribute less than 4/7 to Neff as they will not
be reheated but the neutrinos do. Decoupling in the muon anni-
hilation era yields a contribution δNeff = 0.39. Weinberg further
proposed that the U(1) global symmetry be a new one associ-
ated with a dark sector with its own matter content. Decoupling
in the muon annihilation era yields a contribution δNeff = 0.39.
Weinberg further proposed that the U(1) global symmetry be a
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new one associated with a dark sector with its own matter con-
tent.
In this letter we examine the possibility of taking the global
U(1) symmetry to be the lepton number. The spontaneous
breaking of this U(1)L by singlet Higgs will give rise to a Ma-
joron [7], which we associate with the Goldstone boson that
acts as DR. Since the singlet that breaks the U(1)L will mix with
the Standard Model (SM) Higgs boson, this allows us to con-
nect Higgs physics and DR to neutrino physics. In particular,
we are able to link constraints on the parameters of the scalar
sector to that in the seesaw mechanism responsible for neutrino
mass generation, and to study their interrelations. We illustrate
this in Type-I seesaw [8] and inverse seesaw [9] scenarios in
this letter.
The organisation of this letter is as follows. In Sec. 2, we de-
scribe in detail the framework we use to study the interrelation
between the Majorons, the neutrinos, and the scalars. In Sec. 3,
we discuss some consequences on the scalar and neutrino pa-
rameters from measurements of the muon magnetic moment,
Lamb shift of the muonic hydrogen, and decay rate of µ → eγ.
In Sec. 4, we evaluate the range of values of heavy neutrino
masses and mixings that can be probed at the LHC. We end
with a summary in Sec. 5.
2. The framework
The simplest Majoron model extends the Standard Model
(SM) by three generations of singlet righthanded (RH) neu-
trinos, NiR, and a singlet complex scalar, S [7]. The relevant
Yukawa interactions read
L ⊃ −y1LLH˜NR − y2N cR NRS + h.c. (1)
where L = (nL, eL)T is the lefthanded (LH) SM lepton dou-
blet, and H˜ = iσ2H∗ with H the SM Higgs; the generation
indices are suppressed for clarity. Note that there is an acci-
dental global U(1) symmetry associated with the conservation
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of lepton number (L) before electroweak symmetry breaking
(EWSB) if S is defined to have L = −2. After EWSB, we
can write H = (0, (v + h)/√2)T in the unitary gauge, where
v = 246.221 GeV, and
S (x) = 1√
2
(vS + s(x)) e2iα(x) . (2)
The Yukawa interactions (1) then give rise to neutrino masses,
which take the form
L ⊃ −
(
nL N cR
) ( 0 mD
mD M
) (
ncL
NR
)
+ h.c. , (3)
where mD = 2−3/2y1v, M = y2vS /
√
2, and we have redefined
the lepton fields, ψl → e−iαψl, to remove the e2iα phase fac-
tor from the Majorana mass terms. Note that this induces the
interactions ∂µα ¯ψlγµψl from the lepton kinetic terms ¯ψlγµ∂µψl.
If ǫ = mD/M ≪ 1, the standard Type-I seesaw is operative.
It is well known in this case that the light active neutrinos have
masses mν ≃ ǫmD. To have mν . 0.1 eV, we require
y1 = 25/4
(
mνy2vS
v
)1/2
. 3.05 × 10−6
(y2vS
TeV
)1/2
. (4)
As a benchmark, take vS = 1 TeV and y2 = 1. Then acceptable
light neutrino masses can be obtained with y1 the size of the
electron Yukawa couplings, ye. We shall refer to couplings with
sizes smaller than ye as excessively fine tuned.
Type-I seesaw is not the only way neutrino masses can be
generated, however. A phenomenologically more interesting
case is the inverse seesaw. The inverse seesaw can be imple-
mented by adding – in addition to the three RH singlet neutri-
nos – three more LH singlet neutrinos. The relevant Yukawa
interactions given in Eq. (1) are now augmented to
L ⊃ −y1LLH˜N′R−yR2 N′ cR N′RS −yL2 N′ cL N′LS −MDN′LN′R+h.c. (5)
where N′L,R are the LH and RH singlet neutrinos, and MD is
a Dirac mass parameter. Note that a Yukawa coupling of the
form LLHN′ cL is forbidden by the global U(1) lepton number.
As above, the scalar phase can be removed by the appropriate
lepton field redefinitions.
Mass terms arises after EWSB:
L ⊃
(
nL N′L N
′ c
R
) 
0 0 mD
0 µL MD
mD MD µR


ncL
N′ cL
N′R
 + h.c. (6)
where mD = 2−3/2y1v and µL,R = yL,R2 vs/
√
2. For mD, µL,R ≪
MD, it is useful to first go to a basis where large quantities are
on the diagonal: (
N′L
N′ cR
)
=
1√
2
(
1 1
−1 1
) (
NL
NcR
)
. (7)
The mass matrix in the basis
{
nL, NL, NcR
}
is then

0 −mD/
√
2 mD/
√
2
−mD/
√
2 −MD + µ+ µ−
mD/
√
2 µ− MD + µ+
 , (8)
where µ± = (µL ± µR)/2. To leading order in ǫD = mD/MD and
ǫ± = µ±/MD, the mass eigenstates are given by
νL = nL − ǫD√
2
NL − ǫD√
2
NcR , (9)
η1L = NL +
ǫD√
2
nL − ǫ−2 N
c
R , (10)
η2R = NR +
ǫD√
2
ncL +
ǫ−
2
NcL , (11)
with mass eigenvalues ǫ2D µ+, MD−µ+, and MD+µ+ respectively
(after appropriate phase rotations).
The interactions between the Majoron and neutrinos arise
from the neutrino kinetics terms. To leading order in ǫD,±, they
read
∂µχ
2vs
[
ν¯γµ ˆLν + η¯1γµ ˆLη1 + η¯2γµ ˆRη2
− ǫD√
2
(
η¯2γ
µγ5ν + ν¯γµγ5η2
)
− ǫ−
2
(
η¯2γ
µγ5η1 + η¯1γ
µγ5η2
) ]
,
(12)
where ˆL and ˆR are the LH and RH chiral projectors. Note the
absence of the χ-ν-η1 coupling. Similarly, neutrino weak inter-
actions in the mass eigenbasis read
LNC =
gWZµ
2 cos θW
{
ν¯γµ ˆLν +
ǫ2D
2
(η¯1 + η¯2)γµ ˆL(η1 + η2)
+
ǫD√
2
[
ν¯γµ ˆL(η1 + η2) + (η¯1 + η¯2)γµ ˆLν
] }
, (13)
LCC = g2√
2
W+µ
[
ν¯γµ ˆLe +
ǫD√
2
(η¯1 + η¯2)γµ ˆLe
]
+ h.c. (14)
Consider now the scalar sector. The most general renormal-
izable Lagrangian for it is given by
Lscalar = −(DµH)†(DµH) − ∂µS †∂µS − V(H, S ) , (15)
V(H, S ) = −µ2H†H + λ(H†H)2
− µ2S S †S + λS (S †S )2 + λHS (H†H)(S †S ) . (16)
After EWSB, the kinetic term for S takes the form
∂µS †∂µS =
1
2
∂µs ∂
µs + 2(vS + s)2∂µα∂µα
=
1
2
∂µs ∂
µs +
1
2
∂µχ∂
µχ +
 s
vS
+
s2
2v2S
 ∂µχ∂µχ ,
(17)
and we identify the canonically normalized Goldstone boson
χ ≡ 2vsα as the Majoron.
The mixing between the Higgs doublet and the complex sin-
glet was already analysed in Ref. [11]. The classical minimum
is given by
v2 =
4λSµ2 − 2λHSµ2S
4λλS − λ2HS
, v2S =
4λµ2S − 2λHSµ2
4λλS − λ2HS
. (18)
Using this, the scalar mass-squared matrix reads in the (h, s)
basis (
2λv2 λHS vvS
λHS vvS 2λS v2S
)
(19)
2
which has eigenvalues
m21,2 = λv
2 + λS v
2
S ∓
√
(λS v2S − λv2)2 + λ2HS v2v2S . (20)
The physical mass eigenstates are then(
h1
h2
)
=
(
cos θ − sin θ
sin θ cos θ
) (
h
s
)
, (21)
with mixing angle
tan 2θ = λHS vvS
λS v
2
S − λv2
. (22)
We shall identify h1 ≡ hS M as the SM Higgs, which was re-
cently discovered at the LHC to have a mass of 125 GeV.
Note that for small mixing (which shall be the case below),
m2hS M ≈ 2λv2 and m22 ≈ 2λS v2S .
From Eqs. (20) and (22), the scalar quartic couplings can be
written in terms of the mass eigenvalues and the mixing angle
λ =
1
4v2
[
m21 + m
2
2 − (m22 − m21)c2θ
]
, (23)
λS =
1
4v2S
[
m21 + m
2
2 + (m22 − m21)c2θ
]
, (24)
λHS =
m22 − m21
2vvS
s2θ , (25)
and we define the short hand cx ≡ cos x etc. Classical stability
of the vacuum demands that
λ, λS > 0 , 4λλS − λHS =
m21m
2
2
v2v2S
> 0 , (26)
and we see from above that these conditions are automatically
satisfied for m1,2 real and positive.
Because of the scalar mixing, the SM Higgs can decay into a
pair of Majorons. The partial width is given by
ΓhS M→χχ =
s2θm
3
hS M
32πv2S
. (27)
From the LHC, the Higgs invisible decay branching ratio is
about 19% [12]. With the Higgs width at about 4.1 MeV [13],
this means that
ΓhS M→χχ . 0.8 MeV =⇒
vS
|sθ |
& 4.93 TeV . (28)
Currently, the LHC data on Higgs gauge boson couplings is
consistent with SM expectations, which suggests small mix-
ings with possible extended scalar sectors beyond the SM. As a
benchmark, we take s2
θ
< 0.1, and we get vS & 1.5 TeV. Note
that this lower bound on vS is relaxed if the bound on the mixing
angle, θ, becomes more stringent.
The scalar mixing at tree-level also give rise to the following
effective interaction between the Majoron and the SM fermions:
L f fχχ = −
λHS m f
m2hS M m
2
h2
¯f f∂µχ∂µχ . (29)
As pointed out in Ref. [6], if the Majoron is to play the role
of dark radiation that give rise to the fractional value of Neff
measured, it should stay in thermal equilibrium until roughly
the time when muon annihilation happens. Then this requires
the collision rate of Majorons with muons to be roughly the
Hubble expansion rate:
λ2HS m
7
µmPl
m4hS M m
4
h2
≈ 1 =⇒ mh2 ≈ 9.3
√
|λHS |GeV , (30)
where we take mhS M = 125 GeV. With the help of Eqs. (25)
and (27), we get from Eq. (30)
m2h2 ≈
√
X
1 − Y
1 − Y2 , Y =
√
X
m2hS M
, X =
32πΓhS M→χχ
m3hS M
c2θ
v2
m7µmPl .
(31)
Then with ΓhS M→χχ . 0.8 MeV, we obtain mh2 . 1.05 GeV
from cθ < 1, and from Eq. (24) and the benchmark c2θ > 0.9:
λS . 7.82 × 10−4
(
TeV
vS
)2
. (32)
We see that in order to have no excessive fine tuning in the
couplings, the lepton number breaking scale (as given by vS )
should be in the range of 1 to 30 TeV. On the other hand, it
is well known that Type-I seesaw scenarios generally prefer a
much higher scale, so vS should be very large, which then re-
quires an excessive tuning of λS . There is thus a tension be-
tween the very high scale Type-I seesaw and the identification
of Majoron as DR in such scenarios.
Such tension, however, can be circumvented in the inverse
seesaw scenario. As is seen in Eq. (6), there are two scales
that control the size of active neutrino masses, viz. MD and vS .
Without pushing λS to the nonperturbative region, we can take
vS to be as low as O(10) GeV and still easily have mν . 0.1 eV
for the active neutrinos. For example, take y2 ∼ 10−5, then MD
can be as low as a few hundred GeV as long as ǫD ∼ 10−3. This
is an interesting region for LHC to look for heavy neutrinos that
mix with the active ones, which we explore below in Sec. 4.
We note that low values of vS imply small mixings with the SM
Higgs.
3. Consequences from low energy physics
3.1. Muon magnetic moment and Lamb shift
Due to scalar mixing, the light extra scalar h2 has cou-
pling cµS = −23/4G1/2F mµ sθ to the muon arising from the Higgs
Yukawa interactions with the fermions and is directly propor-
tional to sθ. Its contribution to the muon magnetic moment is
given by [14]
δaµ =
(cµS )2
8π2
∫ 1
0
dz z
2(2 − z)
z2 + r(1 − z) =
(cµS )2
8π2
HS (r) , (33)
where r = m2h2/m
2
µ, and
HS (r) = 32 − r +
r(r − 3)
2
log r
− (r − 1)
√
r(r − 4) log
√
r +
√
r − 4
2
. (34)
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Currently, the discrepancy between the experimental and theory
value of aµ = (g − 2)µ/2 is [15]
δaµ = (249 ± 87) × 10−11 . (35)
We show in Fig. 1 the parameter space that this is accounted for
by the h2 contribution. We see that only when mh2 < 0.02 GeV
0.002 0.005 0.010 0.020 0.050 0.100
m HGeVL
0.10
0.15
0.20
0.25
0.30
sΘ
2
Figure 1: Contribution to the muon magnetic moment due to the scalar h2.
The red solid curve gives the current central value of δaµ, while the red dashed
curves above and below it one sigma deviations above and below respectively.
The horizontal blue line marks the benchmark LHC upper bound on the mixing
angle, s2
θ
= 0.1
is the benchmark bound on the mixing angle satisfied. We see
also that the benchmark allowed parameter space has δaµ lower
than its current central value.
Given the benchmark allowed parameter space, we can work
out how much the additional scalar, h2, contributes to the Lamb
shift in muonic hydrogen. The energy difference from the 2P-
2S splitting in hydrogen is given by [16, 17, 18]
∆E = −c
µ
S c
p
S
4π
m2h2 (mrα)3
2(mh2 + mrα)4
, (36)
where mr = mµmp/(mµ + mp) is the reduced mass, and cpS =
−23/4G1/2F mp ζ sθ is the effective Yukawa couplings of h2 to the
proton, with ζ = 0.3 ∼ 0.5 [19]. Fig. 2 shows the magni-
tude of this energy shift in the parameter space allowed by both
δaµ and our LHC benchmark. We see that the maximum Lamb
shift coming from h2 alone is about 210 µeV, and this requires a
very light h2 with mass about 1 MeV. Although this is a signifi-
cant portion of the 310 µeV needed to reconcile the current 7σ
discrepancy between the Committee on Data for Science and
Technology (CODATA) value on the proton charge radius [20]
– which is determined purely from electron scatterings – and
that measured from muonic hydrogen Lamb shift [21], it is not
enough on its own. To solve the proton radius puzzle, additional
ingredients besides h2 is necessary.
3.2. The radiative decay µ→ e γ
The radiative µ → e γ decay here is mediated by both W
and heavy Majorana neutrino exchanges at one-loop. We can
place limits on the neutrino mixings from the branching ratio of
this decay. The gauge-invariant effective operator for µ → e γ
2 ´10- 4 5 ´10- 4 0.001 0.002 0.005 0.010 0.020
m HGeVL
1
2
5
10
20
50
100
200
ÈDEÈ H ΜeVL
Figure 2: Magnitude of the Lamb shift as a function of the scalar mass. The blue
solid curve gives the shift at constant s2
θ
= 0.1, the red dashed curve that when
the shift in the muon magnetic moment is kept constant at δaµ = 162 × 10−11,
one sigma below the central value.
has the form 1M2 ¯Lσ
µνeHFµν, with the heavy neutrino mass, M,
the controlling scale here. For simplicity, we assume that the
ηl±W∓ couplings are flavor universal given by ǫ g2/
√
2. We
shall use η and ǫ here and below to denote generically the heavy
Majorana neutrinos and their mixings with the light neutrino
respectively (e.g. ǫ = mD/M for Type-I seesaw, ǫ = ǫD/
√
2 for
inverse seesaw). The effective Lagrangian then reads
e g22 ǫ
2
16π2
mµ
M2
(
e¯σµν ˆRµFµν
)
. (37)
Following Ref. [10], the corresponding dipole coefficient is es-
timated as
AL ≃
e g22 ǫ
2
32
√
2π2
1
GF M2
=
e ǫ2
8π2
M2W
M2
, (38)
and thus the branching ratio of µ→ eγ
Br(µ→ e γ) = 384π2|AL|2 ≃ 24
(
α
π
)
ǫ4
M4W
M4
≤ 10−12 , (39)
which implies
ǫ . 0.0142
( M
TeV
)
. (40)
This constraint can be easily accommodated in both neutrino
mass models.
4. Drell-Yan production of heavy neutrinos at the LHC
At the parton level, the Drell-Yan (DY) production of the
heavy Majorana neutrino, η, at the LHC proceeds predomi-
nantly through two processes: q(p1)+ q¯(p2) → Z∗ → η + ν¯ and
u(p1) + ¯d(p2) → W∗ → η + ¯l. The parton level cross-sections
read
σˆZ(sˆ) =
g2L + g
2
R
384π
(
g2
cW
)4
|ǫ|2 1
sˆ
 sˆ − m2η
sˆ − M2Z

2 1 + m2η2sˆ
 , (41)
σˆW (sˆ) =
g42
384π |ǫ|
2 1
sˆ
 sˆ − m2η
sˆ − M2W

2 1 + m2η2sˆ
 , (42)
4
where gL,R = T 3L,R − QL,R sin2 θW , ǫ is the heavy-light neutrino
mixing, and sˆ = (p1 + p2)2 = x1x2s with s the center-of-mass
(CM) energy, and x1,2 the parton momentum fractions.
The production cross-section at the LHC is obtained after a
convolution with the parton distribution functions. In Fig. 3,
we show the inclusive production cross-section obtained using
MadGraph 5 [22] for the LHC at 14 TeV CM energy. The
production cross-section is normalised to the heavy-light neu-
trino mixings magnitude squared, |ǫ|2. The on-shell heavy Ma-
200 400 600 800 1000
m Η HGeVL
100
1000
104
105
Σ  Ε ¤
2
H fb L
Figure 3: Inclusive cross-sections normalised to the heavy-light neutrino mix-
ing magnitude squared, ǫ2, for the charged current pp → ηl± (blue) and neutral
current pp → ην (red) heavy neutrino production processes at the LHC for
s = 14 TeV.
jorana neutrino, η, subsequently decays into Zν, W±l∓, hS Mν
with branching fractions roughly 20%, 40%, 40% respectively.
It is very unlikely to produce a heavy Majorana neutrino at
LHC in the Type-I seesaw scenario, given that it would be very
heavy (mη ≫ 1 TeV), and the mixings involved are very small.
For the inverse seesaw scenario however, since the heavy Ma-
jorana neutrino can be relatively light at a few hundred GeV
and the mixing relatively large, it is possible to probe directly
this scenario at LHC14, which is expected to have a luminos-
ity of O(100) fb−1. In particular, we see from Fig. 3 that for
mη ∼ 100 GeV, one could have σ ∼ 1 fb if |ǫ|2 ∼ 10−5, which is
easily obtainable in inverse seesaw. We leave a detailed study
of the collider signals involved to future works.
5. Summary
We have studied in this letter the implications of identifying
the Majoron as DR. Assuming that it goes out of equilibrium at
the muon annihilation temperature, it can account for the frac-
tional value of the effective neutrino species, Neff , measured
recently by Planck. The consequence of this for the extended
scalar sector associated with the Majoron is the presence of a
very light scalar boson with mass . 1.05 GeV that mixes with
the SM Higgs. Furthermore, the scale of the extended scalar
sector, vS , cannot be too high if excessive fine tuning of the
parameters in the scalar potential is to be avoided.
The scalar sector scale, vS , also sets the scale for the neu-
trino sector. A relatively low vS would however cause tension
with the canonical Type-I seesaw scenario, which typically re-
quire a heavy scale above 1012 GeV. On the other hand, such
tension would not arise in the inverse seesaw scenario. There,
one can taking vS to be as low as a TeV without fine tuning
either the Yukawa couplings or the scalar parameters, although
consistency with the current LHC data then requires the mix-
ing between the scalar singlet and the Higgs doublet to be very
small. This then implies that the corrections to the SM Higgs
couplings will be not measurable at the LHC.
Low energy physics can provide further constraints on the
light scalar mass. By demanding that the light scalar account for
discrepancy between the experimental and theory value of the
muon magnetic moment while consistent with the LHC data,
the light scalar mass is pushed down to below 0.02 GeV. Al-
though not able to completely solve the proton radius puzzle on
its own, the light scalar can contribute a significant amount to-
wards the 310 µeV of the muonic hydrogen Lamb shift required
if it is even light with mass at around 1 MeV.
Finally, we are hopeful that the inverse seesaw scenario may
be directly probed at LHC14 given that the heavy neutrino can
be relatively light and the mixing relatively large.
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